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Abstract
In this paper, a collocation–based stochastic model is proposed to analysis mistuned bladed–rotors with geometrical parameter
uncertainties. The uncertain parameters are approximated by the Karhunen-Loe`ve expansion with predeﬁned correlation functions.
The generalized polynomial chaos (gPC) expansion possessing random orthogonal basis is served as uncertain dynamic responses.
A set of collocation points are generated from the roots of higher order random polynomial basis and the whole FEM model of the
rotor is executed on each point to estimate the dynamic responses. These estimations then are used to calculate the coeﬃcients of
the gPC expansions. The most attractive feature of the method is that only multiple solutions of the original deterministic FEM
model of the rotor are required. A numerical case study is presented in which the geometrical parameters of a blisk are considered
as uncertain parameters with spatial variation. The probability distributions of the random natural frequencies are evaluated for
rotational and non-rotational blisk. The results show high accuracy compared to the Monte Carlo simulations with 500 realizations.
The impact of the parameter uncertainty on the Campbell diagram during the start up and start down are presented.
c© 2015 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of organizing committee of Institute of Engineering and Computational Mechanics University of
Stuttgart.
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1. Introduction
In the rotordynamics, mistuning refers to blade to blade variations in their material and/or geometrical properties
due to the manufacturing process, non-uniform material properties and wear. The essential blade mistuning problem
due to these variations produces very large uncertainty in the forced response levels of bladed rotors and can lead to a
catastrophic machine failure1. Mistuning has been extensively researched since 50 years where a considerable eﬀort
has been directed toward enriching the knowledge of the vibration characteristics of mistuned rotors and developing
new perspectives and formulations to circumvent the mistuning problem, mostly based on deterministic analysis2,3.
A comprehensive literature review in this regard has been carried out in4. The major issue, however, is that mistuning
problem exhibits an inherent random behavior and results from deterministic investigations are due to nominal analysis
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for a particular case. Furthermore, a bladed rotor is a rotationally periodic structure where, ideally, all sectors are
identical and the dynamics of the entire rotor is captured by a single sector. The cyclic symmetry will dramatically
reduce the computational costs. The unavoidable mistuning, in practical cases, destroys the cyclic symmetry and
increases the vibration amplitudes. This implies that the vibrational energy in bladed rotor becomes restricted to one
or few blades rather than being uniformly distributed throughout the whole rotor5,6. Consequently, certain blades may
experience large vibration amplitudes and stresses which sometimes over the allowable values. Such dramatically
change in dynamics of the bladed rotor requires accurate investigations to include the impact of mistuning in analysis
and design of rotors.
Recently more attention has been paid to this issue by applying various non–deterministic methods7,8,9,10,11. They
presented non-deterministic approaches mostly based on perturbation and sampling frameworks techniques and un-
certainties are introduced in the modal space at the component level. However, the application of the perturbation
method is limited to the small range of uncertainty. The sampling based stochastic approaches, e.g. Monte Carlo
(MC), can be used simulate large uncertainty range still they suﬀer low rate of convergence and high computational
costs. The non-sampling stochastic simulation methods, in contrast, are essentially based on a parameterization of
the uncertain parameters using a set of independent random variables. Several methods are at our disposal for con-
structing such parameterization12. Among them, the Karhunen-Loe`ve (KL) and the generalized Polynomial Chaos
(gPC) expansions are most eﬃcient methods for uncertainty quantiﬁcation in stochastic models. The methods in com-
bination with the FEM have been used for the uncertainty analysis of diverse stochastic problems13,14,15,16,17, as well
as to rotordynamics18. The expansions use a random functional for uncertainty representation typically expressed in
terms of a series. The KL expansion, particularly, is applied to parameters with predeﬁned correlation function and
essentially amounts to a bi-orthogonal decomposition based on the eigenvalues and eigenfunctions obtained through
analysis of the covariance function. It is mostly used for uncertainty quantiﬁcation in input random parameters. The
prior information on the covariance function is not required for uncertainty quantiﬁcation by means of the gPC expan-
sion, i.e. more practical to quantify uncertainty in stochastic system responses. Using these expansions, the mistuned
uncertain parameters and responses are expressed as truncated weighted sum of random variables representing the
stochastic space. Knowing the spectral expansion of the random responses provides a convenient approach to extract
the statistical characterization, e.g. mean value, moments and probability, which are obtainable at low computational
cost.
The stochastic collocation based technique, among various numerical simulation methods, provides this facility to
use the available deterministic solvers19. It aims at computing the projection coeﬃcients of the gPC expansions of
the random responses on a ﬁnite dimensional stochastic subspace. The primary advantage of this kind of simulation
resides in its convergence rate independent of the random dimensionality and type of the uncertain parameters. The
collocation points can be simply generated by means of 1-dimensional quadrature roles from the random polynomial
basis and applying the tensor product for multi-dimensional. The tensor product is particularly attractive in the case
of small number of random variables. For moderate or large number of random variables, and to overcome the course
of dimensionality, one should rather consider the sparse grid techniques20.
The present paper is organized as follows: in the next section, we present the discretization methods of random
parameters. The theoretical formulation of the stochastic mistuning problem is given in section 3. In section 4, we
present the numerical results. The conclusions are committed in the last section.
2. Discretization of the random parameters
The numerical methods used by the mistuned blades model may be quite diverse, including FEM simulation. Un-
certainty quantiﬁcation using the associated models requires discretizing the random parameters to the extent possible
to use the available FEM models by the stochastic simulation. Formally, we seek the discretization method which
can be used to eﬃcient representation of the uncertain parameters. Traditionally, the Monte Carlo (MC) methods
are certainly quite popular and also the simplest to implement. The methods produce pseudo-random samples of the
uncertain parameters in order to construct a set of parameter realizations as input parameters. To each these samples
corresponds a unique solution of the model. However, the methods are very time consuming and possess low rate of
convergence. In contrast, spectral methods are based on a radically diﬀerent approach where uncertain quantities are
the reconstructing a functional in term of truncated series. LetP be an uncertain parameter assimilating random values
 K. Sepahvand et al. /  Procedia IUTAM  13 ( 2015 )  53 – 62 55
in a blade and varies between the rotor blades. Using the spectral methods, this parameters is typically expressed in
terms of a series as
P(x, ξ) = P¯ + σpξ +
N∑
i=1
fi(x)Ψi(ξi) (1)
where P¯ is the parameter mean value for a blade, σp is the variation of the mean values between the blades and the
summation term denotes the variation inside a blade. The functional Ψi are suitably selected functions of the random
variables ξi and fi is deterministic function of spatial coordinate x. The vector ξ = {ξ, ξ1, . . . , ξN} serves as random
variables for uncertainty representation. Once available, the series may be immediately numerically or analytically
solved for estimation of the deterministic functions. Depending on available information on the random variables and
the uncertain parameters, various spectral methods have been developed. Among them, the Karhunen–Loe`ve (KL)
and the generalized polynomial chaos (gPC) expansions are well known. The KL expansion is an optimal expression
in term of mean square sense. It provides a series expansion involving ﬁnite number of random variables. It is
assumed that the uncertain parameters retain covariance function C(x1, x2) which represent the correlation between
the parameter values for all blades. Then the KL expansion is used for discretization of the random parameter P as
P(x, ξ) = P¯ + σpξ +
N∑
i=1
√
λiξi fi(x) (2)
The eigenvalues λi and the eigenfunctions fi are the solution of the second-kind Fredholm integral over the spatial
domainD, i.e.
λi fi(x1) =
∫
D
C(x1, x2) fi(x2) dD (3)
The mean square truncation error of representation depends on the decay of the eigenvalues. The more correlated
the parameter values between the blades, the smaller the number of terms needed to achieve the desired threshold.
However, a priori information on the covariance function is demanded to the KL discretization of the uncertain pa-
rameter. Knowing this information on the nodal displacement vector u is not possible. For that reason, we use the
gPC expansion for discretization of the nodal displacement:
u(t,Ω, ξ) =
n∑
i=1
ui(t,Ω)Ψi(ξ) =UTΨ (4)
Here, ui = {{u1}i . . . {ud}i}T ∈ Rd contains the i-th deterministic coeﬃcients the gPC, functional Ψi are random or-
thogonal polynomials with regards to probability function of the random variable vector ξ and U is the vector of
expansion coeﬃcients. Standard orthogonal polynomials can be used to reconstruct the gPC expansions of various
types. For instance, Gaussian uncertain parameters are best approximated by orthogonal Hermite polynomials of
normally distributed standard random variables, i.e. ξi ∈ N(0, 1), see21 for more details.
3. Stochastic modeling of mistuning problem
Compared to the general dynamics problem, the FEM model of rotordynamics for a tuned bladed disk gains
additional contributions from the rotating frame and the gyroscopic eﬀect. In a stationary reference frame, this leads
to
Mu¨ + [G (Ω) + C] u˙ + [K + KS (Ω) − S (Ω)] u = f (5)
in which Ω is rotation speed, u is the vector of nodal displacements and M, K and C are global mass, stiﬀness
and damping matrices. The additional contributions include G, KS and S as gyroscopic, stress stiﬀening and spin
softening matrices, respectively. The gyroscopic matrix depends on the rotational velocity and is the major contributor
to rotordynamic analysis. It is usually called Coriolis matrix in a rotating reference frame, and gyroscopic matrix in
a stationary reference frame. The non-symmetric softening matrix depends upon the rotational velocity and modiﬁes
the apparent stiﬀness of the structure which may lead to unstable motion. The vector f represents the external forces
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in the stationary reference frame. In a rotating reference frame, it is the sum of the external force and the eﬀect of the
angular rotational velocity. For the sake of simplicity, we deﬁne the general following matrices
K∗ (Ω) = K + KS (Ω) − S (Ω) C∗ (Ω) = C + G (Ω) (6)
Assuming that any mistuning has impact on all physical terms, Eq. (5) for a general mistuning problem is written as
(M + δM) u¨ +
(
C∗ + δC∗
)
u˙ + (K∗ + δK∗) u = f (7)
where the matrix deviations δM, δC and δK are accounted for mistuning. Considering the mistuning due to the
uncertainty in some blade geometrical parameters, they are represented as random matrices. To this end, the random
vector ξ is denoted for uncertainty quantiﬁcation in blade parameters. This yields to the following general stochastic
FEM (SFEM) form of mistuning problem
M (ξ) u¨ + C∗ (Ω, ξ) u˙ + K∗ (Ω, ξ) u = f (8)
The force vector f can be either deterministic or random. The displacements u are random, i.e. u = u(t,Ω, ξ). The
random vector ξ denotes a set of random variables arising from discretization of the random parameters in random
space. As the uncertain parameters are discretized using the KL expansion, the random matrices are accordingly
reconstructed as
K∗ (Ω, x) = K¯ (Ω) + ΣK (Ω) ξ +
N∑
i=1
√
Λiξi f i (Ω, x) = Kξ
T (9)
in which K includes deterministic sub-matrix coeﬃcients. The analogous expansions are adopted for M and C∗:
M =MξT , C∗ = CξT (10)
The nodal displacement vector is accordingly discretized by means of the gPC as mentioned in Eq. (4). Substituting
the KL and gPC expansions for all uncertain matrices and vectors in Eq. (8) yields to
MξTU¨TΨ + CξTU˙TΨ +KξTUTΨ = f (11)
This is the reduced SFEM model of the mistuned rotor. Knowing the KL expansion of the uncertain matrices, the goal
is to determine the stochastic gPC expansion of the model nodal vector. For that, one has to minimize the random
residual associated to the random discretization R deﬁned as
R =MξTU¨TΨ + CξTU˙TΨ +KξTUTΨ − f (12)
Two broad classes of methods can be used to address this goal; spectral Galerkin projection and collocation based
methods. In stochastic Galerkin projection (known as intrusive method), the random residual is minimized with
respect to the test function Ψ(ξ) to project the system equations onto orthogonal bases, i.e.∫
D
R Ψ(ξ)ρ(ξ) dξ = 0 (13)
The method uses weighted residual formulation to form systems of governing equations for the solution of the de-
terministic gPC coeﬃcients U. This is well-known that Eq. (13) produces a set of coupled deterministic equations
which is referred as spectral problem of the original stochastic form in Eq. (8). Application of the method to mistun-
ing problem needs to access the constitutive governing equations. In the collocation-based (known as non-intrusive)
methods, the residual is minimized at a set of collocation points, that is for Ψ(ξ) = δ(ξ − ξˆ) we have∫
D
R δ(ξ − ξˆ)ρ(ξ) dξ = 0 (14)
where ξˆ is a set of random collocation points generated in random space. The most attractive feature of the method
is that only requires multiple solutions of the original deterministic FEM model of the rotor and any deterministic
solver can be used. The collocation points are generated from the roots of the random orthogonal polynomials so that
the maximum probability of the random variables is achieved. The convergence and stability of the stochastic non–
intrusive SFEM follow the same as the deterministic collocation due to the fact that the formulation of the method
and deterministic collocation are the same if the PDF of the random basis is not to zero for all the collocation points.
Individual steps in the collocation-based SFEM are given in Algorithm 1.
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Algorithm 1 Collocation-based stochastic simulation of random mistuning
1: Deﬁne deterministic material/geometrical model parameters, mean value and variance of uncertain parameters
2: Construct the deterministic FEM model of the rotor
3: Deﬁne the covariance function C(x, x′) for the uncertain geometrical parameters
4: Select a random vector basis ξ = {ξ1, ξ2, . . . , ξn}
5: Construct the KL expansions for the uncertain parameters
6: Construct the gPC expansion for the responses with orthogonal basis Ψi(ξ)
7: Generate collocation points ξˆ from the higher order polynomials Ψi+1(ξ)
8: Calculate the value of uncertain parameters on the collocation points
9: Call deterministic FEM model for the value of the uncertain parameters
10: Save the responses for each value of the parameters
11: Use deterministic least–square minimization to calculate the unknown coeﬃcients of the gPC expansions
12: Estimate post–processing statistical properties of responses, e.g. variance.
4. Numerical results
In this section we apply the proposed method to a bladed disk (blisk) composed of 12 sectors possess mistuning
from random geometrical parameters, see Fig. 1-(a). The FEM model of elementary sectors are generated using AN-
r
θ
(a) (b)
Fig. 1. Blisk example with 12 blades, (a) blisk view and (b) random geometrical parameters of a blade: blade thickness t, ﬁllet radii r1 and r2.
SYS software along with their respective blade component and with individual blade nominal values for the uncertain
parameters r1, r2 and t as shown in Fig. 1-(b). The uncertain parameters are represented by following expansions
r1(ξ1) = r¯1 + σ1ξ1, r2(ξ2) = r¯2 + σ2ξ2 ξ1, ξ2 ∈ N(0, 1) (15)
t(r, ξ) = t¯ + σtξ +
N∑
i=1
√
λiξi fi(r) , ξ, ξi ∈ N(0, 1) (16)
where N(0, 1) denotes the standard normal distribution, r¯1, r¯2 and t¯ are the mean values and σ1, σ2 and σt are the
standard deviations associated to each parameters. The values are given in Table 1. The uncertain parameters r1 and
r2 are assumed to be Gaussian random variables with predeﬁned probability density function (PDF). The covariance
function of the spatial homogeneous uncertain parameter t is supposed to be a function of the distances between two
points on a blade. In this example, t is assumed to be Gaussian random ﬁeld with deterministic nominal parameters
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Table 1. The mean value and standard deviations of the uncertain parameters.
Mean values [m] r¯1 = 0.05 r¯2 = 0.10 t¯ = 0.10
Standard deviation [m] σ1 = 0.005 σ2 = 0.01 σt = 0.01
given in Table 1. The squared–exponential covariance function C(r1, r2) which reﬂects the correlation at any two
points (r1, r2) in the blade domain deﬁned as
C(r1, r2) = σ2t exp
(
− (r1 − r2)
2
l2c
)
(17)
The correlation length lc is assumed to be equal to the blade length. Large correlation length, lc >> L, means small
variations within the blade length L. The ﬁrst 4 eigenfunctions and eigenvalues of the covariance function calculated
from Eq. (3) are given in Fig. 2. An important issue facing the KL approximation of the blade thickness is selecting
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Fig. 2. The ﬁrst 4 eigenfunctions and eigenvalues of the covariance function for lc = L.
the dimension of random vector ξ. This is directly related to the dimension of eigenvalues of the covariance function.
Employing optimal numbers of random variables will limit the random dimension space. Purposely, knowledge of
each eigenvalue weight may be a good criterion to select the numbers of random dimensions. For that we calculate
the relative weight i of ith–eigenvalue as
i =
λ2i∑n
i=1 λ
2
i
× 100 (18)
This yields to i = {96.20, 3.4, 0.4, 0.08, . . .} which denotes that the ﬁrst 2 eigenvalues possess the largest mode
weight and the 3-terms KL expansion in Eq. (16) has enough accuracy to approximate the blade thickness. This
permits the inclusion of only those terms in the KL expansion that have a signiﬁcant contribution and reduces the
dimension of random space. Some sample realizations of the blade thickness for the domain − L2 ≤ r ≤ L2 are shown
in Fig. 3.
 K. Sepahvand et al. /  Procedia IUTAM  13 ( 2015 )  53 – 62 59
−1 −0.5 0 0.5 1
0.085
0.09
0.095
0.1
0.105
0.11
0.115
0.12
r [m]
t i
(
r
)
Fig. 3. Sample realizations of the uncertain blade thickness calculated from the 3-terms KL expansion. The bold line shows the nominal value.
The modal analysis of the blisk is investigated to consider the impact of the parameter uncertainty on the natural
frequencies. For that reason the natural frequencies of the blisk are represented by using the 2–dimensional gPC
expansion employing orthogonal Hermite polynomial H(ξ1, ξ2)21. This bears for representing the 3rd–order gPC
expansion of the natural frequencies as
f (ξ1, ξ2) =
3∑
i=0
aiHi(ξ1, ξ2) (19)
The non–intrusive method imposes the requirement that the estimates of model outputs be exact at a set of colloca-
tion points in the sample space and making the residual at those points equal to zero. For this problem, 17 sample
collocation points are generated from the roots of 4th order Hermite polynomials to obtain the unknown coeﬃcients
in Eq. (19). The SFEM model uses deterministic FEM model of the blisk as a black–box. As the numbers of un-
knowns are less than the numbers of collocation points, a least–square based optimization solver is employed. The
unknown coeﬃcients are calculated for the ﬁrst 4 vibration modes. To evaluate the validity of the results, the direct
MC simulation with 500 realizations is performed for the same blisk. The PDF of the natural frequencies are shown in
Fig. 4. The results calculated for rotational (Ω  0) and non-rotational blisk. As shown, the results of third order gPC
expansions with 17 collocation points are in high level agreement with the MC simulations. The vertical lines in these
plots show the position of deterministic value for each mode. It is seem that the parameter uncertainty dominates the
natural frequencies to distribute symmetric around the deterministic nominal values.
For the next step, the impact of the parameter uncertainty during the start up and start down of the blisk is studied.
It is assumed that the start up and start down involves some level of noise which can be modeled as Gaussian white
noise. The rotation diagram for the noisy start up and start down is shown in Fig. 5. It is also assumed that the
start up has some level of damping at beginning due to the bearing friction or aerodynamic blade damping. Using
stochastic modal analysis, the impact of the mistuning due to the parameter uncertainty on the Campbell diagram
are investigated, see Fig. 6. The random Campbell diagram shown is plotted for the ﬁrst 5 vibration modes of the
blisk and the rotation speed up to 120 Hz. The diagram shows the changing in the natural frequencies due to the
operating start up and start down. The horizontal lines denote the natural frequencies with some range of uncertainty
due to the mistuned parameters. The curved lines are the blisk speed orders and they are integer factor of the main
rotational speed. Analogous to deterministic Campbell diagram, any repeated feature that the blade will examined
during the start up and down around the engine represents, is a potential for resonant excitation but with some range
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Fig. 4. The PDF of natural frequencies ( f1 to f4) for the ﬁrst four vibration modes of the mistuned blisk estimated from the 3rd order gPC compared
to the MC method with 500 realizations. The vertical lines show the position of deterministic simulations of the tuned blisk.
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Fig. 5. Typical start up and down of the blisk including white noise.
of uncertainties. In contrast to deterministic diagram where the resonant crossing is a point, in the stochastic case, this
is a area which allows to easily detect the possibility at which modes of blisk vibration will be excited at rotational
speeds. The thickness of the natural frequency lines shows the range of uncertainties. It is demonstrated that the ﬁfth
mode natural frequency is more aﬀected from the uncertain parameters. The same behavior is seen for the start down
regime but with large crossing area due to the more noise in rotational speed.
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Fig. 6. The random Campbell diagram for start up and start down of the blisk.
5. Conclusions
The collocation-based stochastic analysis of bladed-rotor with geometrical mistuned parameters presented. The
parameters representing random mistuning have been approximated by means of the KL expansion possesses spatial
variations. The gPC expansion was used to quantify the uncertainty in stochastic dynamic responses, e.g. natural
frequencies. The collocation-based stochastic method used the entire deterministic FEM model of the rotor as a
black-box solver. Sample collocation points were produced from the roots of higher order orthogonal polynomials
used as the gPC basis. It was demonstrated that the numerical results for a few runs of the deterministic FEM model
has the accuracy comparable to the MC simulation with large number of realizations. It was also shown that a small
amount of random mistuning changes both natural frequencies and the resonant properties of the blades.
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